In this paper, we shall consider a class of neutral differential equations of the form
INTRODUCTION
A neutral differential equation is one in which the highest order derivative of the unknown function appears both with and without delays. In recent years, the study of neutral differential equations has grown 447 dramatically. This is largely due to the fact that often the qualitative behavior of solutions of neutral differential equations is very different from those of nonneutral equations. For example, it has been shown in the literature that even when all the characteristic roots of a neutral differential equation have negative real parts, it is still possible for the equation to have unbounded solutions. Such a behavior is impossible for nonneutral equations.
In the recent years, the first order neutral differential equation
[~( t ) -P ( t )~( t -T)]' + Q ( t ) x ( t -a ) = 0, t 2 t o , (1.1)
where P E C ( [ t o , m), R), Q E C ( [ t o , m), R'), r > 0, and a 2 0, has been a center of major study. In fact, several interesting criteria ensuring the oscillatory and nonoscillatory behavior of solutions of (1.1) have been established in [2] [3] [4] [6] [7] [8] [9] [10] . For a recent survey of these results, we refer to the monographs [l, 5, 111. In particular, Eq. (1.1) has been discussed when P ( t ) I 0, 0 I P ( t ) I 1, or P ( t ) 2 1 together with the condition
[:a($) ds = 00, (1.2) which plays a very important role. Especially for P ( t ) = 1, Chuanxi and
Ladas [4] first showed that (1.2) is sufficient for the oscillation of all solutions of (1.1). However, later Yu, Wang, and Chuanxi [2] , Zhang and Gopalsamy [8] , and Yang and Zhang [lo] established some criteria for the oscillation of all solutions of (1.1) even when (1.2) is not satisfied. Further, Zhang and Yu [9] and Yang and Zhang [lo] provided conditions which guarantee the existence of bounded and unbounded positive solutions of (1.1) with P ( t ) = 1. Moreover, a classification of all positive solutions of (1.1) with P ( t ) = 1 is offered in [lo] . When P ( t ) = 1 or P ( t ) 2 1 and nondecreasing, it is easy to see that there exists a nondecreasing function r ( t ) E C([to -7, m), (0, m)) such that
Thus it is necessary to study
neutral differential equations of the form
In what follows with respect to (1.3), we shall assume that r
By a solution of (1.3) we mean a continuous function x ( t ) which is defined on [T, -p,m) and satisfies (1.3) on [T,,m) for some T, 2 t o , where p = max{r, a } .
COMPARISON THEOREMS
Here we shall provide some comparison theorems for the oscillation and nonoscillation of solutions of (1.3), and show that all solutions of (1.3) oscillate if it has an oscillatory solution.
Let x ( t ) be an eventually positive solution of the differential inequality LEMMA 2.1.
and set
Then eventually z ' ( t ) I 0 and
Pro05 Since r ( t ) is nondecreasing and l;(r(s))pl ds = 00, we have
The conclusion (2.3) now follows by Lemma 2 of [12] .
LEMMA 2.2 [ll]. If the integral inequality
A t ) r ( t r ( t ) Assume that v ( t ) E C ( [ T -7,001, R'), u(t> E C([T,m), R + ) , and that u ( t ) is nonincreasing on [ T , m) . Then the following hold:
where m = min{v(t)/r(t): T I t I T + T} and M = max{v(t)/r(t):
Pro05 (i) Set v ( t ) = r(t)W(t) for t 2 T -7 and n = [(t -T ) / T ] for t 2 T , where * I denote the greatest integer. Then we have and so
In view of the nonincreasing nature of u ( t ) / r ( t ) and T I t -n7 < T + 7 , we find Thus it follows that (ii) Set W ( t ) and n as in (i). Then we have
Thus it follows that THEOREM 2.5. Equation 
has a positive solution.
Lemma 2.1, there exists a t , > to such that
Pro05 Let x ( t ) be a positive solution of (1.3) and set z ( t ) as in (2.2). By 
which, together with (1.3), (2.2), and (2.9), leads to
By Lemma 2.3, this implies that (2.6) has a positive solution.
161, there exists a T > to such that Next, we assume that (2.6) has a positive solution y ( t ) . Following [14,
In view of the nondecreasing nature of r ( t ) and (2.10) it follows that y'(t) is nonincreasing on
It is easy to see that u ( t ) is continuous and positive on [O,m) , and
(2.11) (2.12)
For T + r I t I T + 27, we have by (2.11) and (2.12) that
= 7 -' y ( t ) .
By induction, we can show in general that
and so
which, together with (2.10), yields
Substituting (2.12) and (2.13) in (2.6), we obtain
Set X(t) = r(t)u(t). It follows from (2.14) that
By Lemma 2.1 we have
By Lemma 2.2, this implies that the corresponding integral equation (2.5) has a positive solution x(t). Clearly, this x ( t ) is a positive solution of (1.3).
Next, we shall compare (1.3) with the equation where F ( t ) and e(t) satisfy the same hypotheses as r ( t ) and Q ( t ) in Section 1. By HilleeWintner's comparison theorem (see [14] or [15] ), the following result is immediate. THEOREM 2.6. Suppose the following conditions hold: 0 < 7 ( t ) I r ( t ) and
If every solution of (1.3) oscillates, then every solution of (2.15) also oscillates.
CLASSIFICATION O F POSITIVE SOLUTIONS
Here we shall show that all positive solutions of (1.3) can be classified into four types. By Lemma 2.1, there exists a T > to such that If x ( t ) is a positive solution of (1.31, then x ( t ) is eitherA-, Suppose x ( t ) is a positive solution of (1.3). Set z ( t ) as in (2.2). Pro05 
P ( t > = x(t>/r(t> -kR(t)/r is bounded, then x(t) is of A-type.
If x(t> is a positive solution of (1.31, then the limit
must exist and limz(t) = r k .
t + W

A-AND B-TYPE POSITIVE SOLUTIONS
Here we shall obtain sufficient and necessary conditions for the exis-LEMMA 4.1. Assume that there exists a constant p such that tence of A-and B-type positive solutions of (1.3).
If l"Q(s>r(s -a ) R ( s -a ) d s < 00, then the equation
Pro05 Choose T > t o + 2 p sufficiently large such that r JTccQ(s)r(s -a ) R ( s -a ) ds I -and
It is obvious that y E C([T, m), R') and y ( t ) = y ( t -r ) + H(t). Since r ( t ) is nondecreasing, H ( t ) is nonincreasing on [ T , m). Then by Lemma 2.4, we have
Define a set X as
and an operator S on X by
t > T + p , u ( T + P > r ( t > Y ( t > ( T + p ) r ( T + P)Y(T + P )
For any x E X and t 2 T + p, by (4.3) and (4.4) we have ( S x ) ( t ) I ( p + 1). -7 + r ( t ) y ( t -r ) Pro05 (i) Suppose x ( t ) is an A-type solution of (1.3). Then x ( t ) can be expressed as
where a > 0 and P ( t ) is bounded. Choose T, > to sufficiently large such that ~( t ) 2 + a~( t )~( t ) for t 2 T,. Since Obviously,
Integrating this on both sides from t to 00, we get In the above inequality as t + 00, we obtain (4.6).
with
(ii) Suppose x ( t ) = r ( t ) ( a R ( t ) + fl(t)) is a B-type solution of (1.3)
Choose Tz > t o sufficiently large such that a r ( t ) R ( t ) I x ( t ) I 2 a r ( t ) R ( t ) f o r t 2 T z .
As in the proof of (i), we have
and so j^o Q ( s ) r ( s -a ) R ( s -a ) ds < 00.
On the other hand,
Rewrite (4.8) as
By Lemma 2.4, we get
where a = 2crR(T2 + a + 7). Thus it follows that
Letting t + 00 in the above inequality, (4.7) follows.
solution if and only if (4.6) holds. must exist and k 2 1. Hence, by Theorem 3.5, x ( t ) is either an A-type or B-type solution of (1.3). But, by (4.6) and Lemma 4.2, it is obvious that x ( t ) is not a B-type solution. Therefore, x ( t ) is an A-type solution of (1.3). sufficiency part is similar to that of the proof of Theorem 4.3.
Pro05
EXAMPLE 4.5. Consider the neutral differential equation
By a direct calculation, it is easy to see that
Thus Theorem 4.3 ensures that Eq. (4.9) has an A-type solution. In fact,
~( t )
= r ( t ) ( R ( t ) + I n 3 ) = t In t is such a solution of (4.9). EXAMPLE 4.6. Consider the neutral differential equation
By a direct calculation, it is easy to see that and /aQ2(s)r(s -2)R(s -2) ds < 00.
Thus Theorem 4.4 guarantees that Eq. (4.10) has a B-type solution. In fact,
is such a solution of (4.10).
D-TYPE POSITIVE SOLUTION
Here we shall provide a necessary and sufficient condition for the / ; Q ( s ) r ( s -a ) R ( s -a ) < 00.
(5.1)
Pro05 Necessity. Suppose that x(t) is a D-type positive solution of (1.3). Then x(t)/r(t) is bounded. Let z(t) be defined by (2.2). By Lemma 2.1, there exists a t, > to such that (2.7) holds. Set m = min{x(t)/r(t): t, I t I t, + pS. It is easy to see that x(t) 2 mr(t) for t 2 t,. 
By Lemma 2.4, (5.5) yields which, in view of (5. Thus by Theorem 5.1, Eq. (5.7) has a D-type solution. In fact,
is such a solution.
C-TYPE POSITIVE SOLUTION
Here we shall offer a sufficient condition for the existence of a C-type positive solution of (1.3). 
AN OSCILLATION RESULT
Here we shall obtain a sharp oscillation result for all solutions of (1.3). 
where c > 0 , ctl E R. Then every solution of (7.2) oscillates if and only if ctl < 2 or a = 2 a n d c > r/4.
